Abstract. We prove formulae for the Hodge numbers of big resolutions of singular hypersurfaces satisfying a Bott-type vanishing condition.
Introduction
The main purpose of this paper is to prove formulae for the Hodge numbers of big resolutions of certain hypersurfaces with A-D-E singularities. Let X be a four-dimensional normal complete variety, and let Y ⊂ X be a hypersurface with A-D-E singularities such that sing(X) ∩ Y = ∅. Recall that singularities of Y can be resolved by consecutive blowups of singular and infinitely near singular points of Y . We call such a resolution big, and denote it byπ :Ỹ → Y . We assume that
In the above formulae µ Y is the number of singularities and infinitely near singularities of Y , whereas the defect δ Y (see Def. 2.1) measures how special the position of singular points of Y with respect to sections of the sheaf O X (2Y + K X ) is. In particular, the assumptions of Thm 3.2 are fulfilled by ample hypersurfaces with A-D-E singularities in projective (normal) toric fourfolds (Cor. 3.3), 1-ample hypersurfaces in complete toric fourfolds (Ex. 3.1) and k-fold solids (Ex. 2.1). It should be pointed out that we do not require Y to be quasi-smooth (compare [1, Thm 10.6] ). Our interest in the above formulae is justified by their various applications, e.g. [4, Thm 1] , that has far more restrictive assumptions than our Thm 3.2 (see (1.2)), turned out to be useful in the study of factoriality (see e.g. [2] , [7] , [20] ). Recall that in the paper [3] Clemens proves the equality
where Y d is the double cover of P 3 (C) branched along a degree-d nodal surface B d , and the integer δ, so-called defect, is defined as the number of dependent conditions imposed on homogenous forms of degree (3/2 · d − 4) on P 3 by the vanishing in the nodes of B d . Later, various generalizations of the above formula were found (for a thorough discussion see [8] , [9, Chapt. 6] and [13] ). In [4] the ambient variety X is assumed to be smooth, whereas Y ⊂ X is a three-dimensional nodal hypersurface such that
If we define the defect δ as the number of dependent equations that vanishing in the nodes of Y imposes on the global sections of the bundle K X (2Y ), then h 1,1 (Ỹ ) is given by the right-hand side of the formula (1.1). The assumption (1.2) turns out to be pretty restrictive, for instance O X (Y ) ceases to be ample as soon as we blow-up a point in X \ Y . In particular, [4, Thm 1] does not imply (1.1).
In [21] Y is assumed to be a hypersurface with A-D-E singularities in a projective normal Cohen-Macaulay fourfold X such that sing(X) ∩ Y = ∅ and h
2) is replaced with the following conditions
, and i ≤ 3. Under such assumptions, one has the equality (see [21, Thm 4 [21, Thm 4.1] are shown by study of cohomologies of the conormal bundle of the resolutionỸ in the appropriate blow-up of X. One expects that the structure of singularities of X should play no role (see e.g. [24] ) as far as the Hodge numbers of Y are concerned, but the above approach depends among others on the use of the Serre duality, so one has to assume that the singularities of X are mild enough. Here we apply the properties of the Zariski sheaf of germs of 3-forms and the Poincaré residue map. In this way we need neither (1.2) nor most of its cohomological consequences (1.3). The paper splits in two parts. In Sect. 2 we apply certain technical facts from [4] and [21] to obtain the formulae under the assumption that X is smooth. Such a result (Thm 2.2) has a very simple proof and can be applied in many interesting cases. Sect. 3 is devoted to the main theorem of the paper (Thm 3.2).
Notations and conventions: All varieties are defined over the base-field C. By a divisor we mean a Weil divisor, and "∼" stands for the linear equivalence.
Smooth ambient variety X
Let Y be a hypersurface in a smooth four-dimensional projective variety X. We assume that all singularities of Y are A-D-E points. Letπ :Ỹ → Y be the big resolution of Y obtained as the composition
whereỸ :=Ỹ n is smooth and σ j :Ỹ j →Ỹ j−1 , for j = 1, . . . , n, is the blow-up with the center sing(Ỹ j−1 ) = ∅. Recall that singularities ofỸ j are isolated double points for each j ≤ n−1. The number of singularities and infinitely near singularities of Y will be denoted by µ Y .
LetX 0 := X and letX j stand for the fourfold obtained fromX j−1 by blowing it up along sing(Ỹ j−1 ), j = 1, . . . , n. We putX :=X n . By abuse of notation, the composition of the blow-ups in question is denoted byπ :X → X.
where E l are (reduced) components of the exceptional locus ofπ :X → X. We put
and define the defect of the hypersurface Y as the integer
Remarks: 1. The integer given by (2.3) coincides with the one defined in [21, Def 3.1] (see also [ibid., (4.2)]). Indeed, since
the projection formula yields the equality 
and the exact sequences (see [21, (2.17) 
where ν j stands for the number of points in sing(Ỹ j ) and j = 1, . . . , n. Since µ Y = n−1 j=0 ν j , the above exact sequences imply
Therefore, the Serre duality yields
Thus the Serre duality yields
Moreover, if we assume that
Consequently, if we assume h 1,2 (X) = 0, we can proceed by induction and apply [12, Cor. III.7.13] to obtain (2.8)
Recall that the sheaf Ω 3X (logỸ ) of differential 3-forms with logarithmic poles alongỸ is defined as Γ(V, Ω 3X (logỸ )) := {α ∈ Γ(V, Ω 3X ( * Ỹ )); α and dα have at most simple poles alongỸ },
We have the folowing exact sequence (see [18, p. 444 
and the following resolution of the sheaf Ω 3X (logỸ ) (see [18, p. 445 Theorem 2.2. Let X be a smooth projective fourfold, and let Y ⊂ X be a hypersurface with A-D-E singularities. If
where δ Y (resp. µ Y ) is the defect (resp. the number of singularities and infinitely near singularities) of Y .
Proof. To simplify our notation we put N := KX(2Ỹ )/KX(Ỹ ). From the exact sequence
, so the cohomology sequence associated to (2.11) breaks into shorter exact sequences, which implies
Observe that (2.7) gives h 1 (Ω 3X (Ỹ )) = 0. Thus the cohomology sequence associated to (2.10) breaks into shorter exact sequences and yields
Finally, from the equalities h 3,2 (X) (2.8) = h 3,2 (X) = h 1,2 (X) = 0, the cohomology sequence associated to (2.9) breaks into shorter exact sequences and we obtain
By (2.14) and similar argument we have
To complete the proof observe that (2.6) and the cohomology sequence associated to 
We end this section with the study of a classical example (see [3] ); k-fold cyclic covers Y of P 3 branched along a surface of degree (d · k). Recall that the assumptions of neither We consider the k-fold cover Y of P 3 branched along a surface of degree d · k. We assume that Y has only A-D-E singularities. LetP = P(E) with E := O P 3 ⊕ O P 3 (d). It is well-known that Y can be considered as a hypersurface inP and OP(Y ) = OP(k). We claim that the pair Y ⊂P satisfies the assumptions of Thm 2.2.
We maintain the notation of [12, Ex. III.
8.4]). Then we have KP
, where π :P → P 3 stands for the bundle projection. At first we study the cohomologies of ΩP /P 3 (−k). We consider the exact sequence [12, Ex. III.8. 4 .b] tensored with OP(−k):
In order to compute h j (OP(−k)), observe that, by [12, Ex. III.8. 4 .c], we have We have (π 
In order to compute h
(−k)), we consider the pull-back of the Euler sequence under the map π and tensor it with OP(−k):
We use the Serre duality, [12, Ex. III.8. 4 .a] and the Leray spectral sequence to see that
In this way we show that h j (π * (O P 3 (−1))(−k)) = 0 for j ≤ 3. The latter, combined with (2.17) and (2.20), yields
Finally, we tensor the exact sequence
with OP(−k), and apply (2.19), (2.21) to see that h j (Ω 
Main result
In [21] the ambient variety X is assumed to be a projective normal Cohen-Macaulay fourfold. In this section we study the question to what extent the formulae of Thm 2.2 remain valid when we allow the fourfold X to be singular.
We assume X to be a four-dimensional normal complex variety, so the canonical (Weil) divisor K X is well-defined (up to the linear equivalence). Recall that the map D → O X (D) gives one-to-one correspondence between the linear equivalence classes of Weil divisors and isomorphism classes of rank-1 reflexive sheaves on X (see [22, p. 281] ). We put
where j : reg(X) → X stands for the inclusion.
Let Y ⊂ X be a a hypersurface with A-D-E singularities such that
We maintain the notation of the previous section. In particular,Ỹ is given by (2.1). Observe that, by the assumption (3.1), we can consider the pullbacksπ * K X ,π * Y . Obviously, there exist unique positive integers k l , m l satisfying the conditions of Def. 2.1. In particular, we have the linear equivalence (2.4).
We define the ideal I Y (resp. the defect of Y ) by the equality (2.2) (resp. (2.3) ). The assumption (3.1), combined with (2.9), (2.10), implies that the sequences
are exact. Now we are in position to prove a more general version of (2.6), (2.7), (2.8).
Lemma 3.1. We have the following equalities:
Proof. Let E stand for the exceptional divisor of the blow-up σ 1 . By direct computation
We follow the proof of [21, (2.5) ] to show that
Therefore, from the projection formula (see [21, (2.8) ]), we get for k = 1, 2, 3
The projection formula, combined with (3.4) and (3.6), yields
We consider cohomology sequence associated to the exact sequence (see [18, p. 444 
, where the latter results from the Leray spectral sequence and (3.7).
Observe that (3.4), combined with [10, 2.3 Property c] for D = D 1 = E, yields the exact sequence:
We consider the direct image of (3.10) under σ 1 . The centers of σ 1 are smooth points on X, so R 3 (σ 1 ) * Ω 3 E = C ν 0 is the sky-scraper sheaf with stalks C in the centers of the blow-up and
E vanish for i = 0, 1, 2. The latter, combined with (3.6), implies
From the Leray spectral sequence (see e.g. [16, Example 1.D]), we obtain the equalities
To complete the proof of the part a) of the lemma proceed by induction on the number of blow-ups in (2.1). b) Observe that, as in the proof of a), it suffices to show the equalities
and R j (σ 1 ) * (Ω 3X 1 (−2E)) = 0 for j > 0. Indeed, we tensor the exact sequence (3.8) with the (locally free) sheaf OX 1 (−2E) to obtain:
2)]), combined with the projection formula and (3.12), yields
Thus the Leray spectral sequence implies (3.11). c) Let k = 1, 2. From the assumption (3.1), we have (3.14)
We apply the projection formula and (3.5) to show that
The Leray spectral sequence and (3.15) yield the equalities
Reasoning as in (3.14), (3.15) we obtain
where J i is the (reduced) ideal of the center of the blow-up σ i . From the Leray spectral sequence we get
We have the exact sequence
where S = C ν i−1 is the sky-scraper sheaf with stalks C over the points in sing(Ỹ i−1 ). Hence
e) The equality OX1(−Ỹ 1 ) = (σ 1 ) * O X (−Y )⊗OX1(2E), combined with (3.5), the projection formula and the Leray spectral sequence, implies that 
